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Abstract 

Let M be a compact Riemannian manifold with boundary dM and L = A + Z 
for a C^-vector field Z on M. Several equivalent statements, including the gradient 
and Poincare/log-Sobolev type inequalities of the Neumann semigroup generated by 
L, are presented for lower bound conditions on the curvature of L and the second 
fundamental form of dM. The main result not only generalizes the corresponding 
known ones on manifolds without boundary, but also clarifies the role of the second 
fundamental form in the analysis of the Neumann semigroup. Moreover, the Levy- 
Gromov isoperimetric inequality is also studied on manifolds with boundary. 
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1 Introduction 

The main purpose of this paper is to find out equivalent properties of the Neumann 
semigroup on manifolds with boundary for lower bounds of the second fundamental form 
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of the boundary. To explain the main idea of the study, let us briefly recall some equivalent 
semigroup properties for curvature lower bounds on manifolds without boundary. 

Let M be a connected complete Riemannian manifold without boundary and let L = 
A + Z for some C 1 -vector field Z on M. Let Pt be the diffusion semigroup generated by 
L, which is unique and Markovian if the curvature of L is bounded below, namely (see 

mi 

(1.1) Ric~WZ>-K 

holds on M for some constant K G K. The following is a collection of known equivalent 
statements for (II. ip . where the first two ones on gradient estimates are classical in geom- 
etry (see e.g. [H El HH E] ) , and the remainder follows from Propositions 2.1 and 2.6 in [2] 
(see also [9]): 

(i) |VP/| 2 < e 2 ^P,|V/| 2 , t > 0, / € Cl(M); 

(ii) |VP t /|<e**P t |V/|, t>0,feCl(M); 

2Kt _ 1 

(iii) p t p-(P tf y<^^p t \Vf\\ t>0, feC^M); 

1 _ -2Kt 

(iv) PJ 2 -(PJ) 2 > — |VP f /| 2 , t>0,/6^(M); 

(v) P(/ 2 log/ 2 )-(P/ 2 )log(P f / 2 )< 1 - J P f |V/| 2 , t>0,/eCj(M); 

(vi) (P t /){P t (/log/)-(P t /)log(P t /)} > 2R |VP/| 2 , t > 0, / e C^M), / > 0. 

These equivalent statements for the curvature condition are crucial in the study of 
heat semigroups and functional inequalities on manifolds. For the case that M has a 
convex boundary, these equivalences are also true for P t the Neumann semigroup (see [10] 
for one more equivalent statement on Harnack inequality). The question is now can we 
extend this result to manifolds with non-convex boundary, and furthermore describe the 
second fundamental using semigroup properties? 

So, from now on we assume that M has a boundary dM. Let iV be the inward unit 
normal vector field on dM. Then the second fundamental form is a two-tensor on TdM, 
the tangent space of dM, defined by 

l(X, Y) = -(V X N,Y), X, Y G TOM. 

If I > 0(i.e. I(X, X) > for X G TOM), then dM (or M) is called convex. In general, we 
intend to study the lower bound condition of I; namely, I > —a on dM for some a G R. 
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For x G M, let E x be the expectation taken for the reflecting L-diffusion process X t 
starting from x. So, for a bounded measurable functional $ of X, 

E$: E x $ 

is a function on M. Moreover, let l t be the local time of X t on dM. According to [HI 
Theorem 5.1], (11.11) and I > —a imply 



(1.2) \VP t f\<e Kt E[\Vf\(X t )\e° k ], t>0,feC 1 (M). 

To see that (11.21) is indeed equivalent to (11.11) and I > —a, we shall make use of the 
following formula for the second fundamental form established recently by the author in 
[T2] : for any / G C°°(M) satisfying the Neumann condition NJ\qm = 0, 



x/vrlVfl 2 1 (PlVf| p ) 1/p 
(1.3) ^.v^^^Km-logUmL 

holds on dM for any p G [1, oo). With help of this result and stochastic analysis on the 
reflecting diffusion process, we are able to prove the following main result of the paper. 

Theorem 1.1. Let M be a compact Riemannian manifold with boundary and let P t be 
the Neumann semigroup generated by L = A + Z . Then for any constants K, a G M., the 
following statements are equivalent to each other: 

(1) Ric -VZ > -K on M and I > -a on dM; 

(2) (HH holds; 

(3) iVPJI^e^^P.lV/I^Ee 2 ^, * > 0, / G C\M); 

(4) P(/ 2 log/ 2 ) - (P t / 2 )logP/ 2 < 4E[\Vf\ 2 (X t )^e 2 ^ l ^ +2Ks ds], 
*>0, feC^M); 

(5) PJ 2 - (PJ) 2 <2E[\Vff(X t ) j^e 2 ^-^ 2Ks ds], t>0, f G C\M); 

(6) |VP/| 2 < (y^z^) (P(/log/)-(P/)logP/)E[/(X,)£e 2 ^- 2 ^d S ], 
t>0, f>0, /gV(M); 

IK 2 

( 7 ) l VP */l 2 < (1 _ e -2if T ( P */ 2 - (Ptf) 2 )^Jo^- 2Ks ds, t > 0, / G C\M). 
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Theorem 11.11 can be extended to a class of non-compact manifolds with boundary 
such that the local times l t is exponentially integrable. According to [13] the later is true 
provided I is bounded, the sectional curvature around dM is bounded above, the drift Z 
is bounded around dM, and the injectivity radius of the boundary is positive. To avoid 
technical complications, here we simply consider the compact case. 

In the next section, we shall provide a result on gradient estimate and non-constant 
lower bounds of curvature and second fundamental form, which implies the equivalences 
among (1), (2) and (3) as a special case. Then we present a complete proof for the 
remainder of Theorem 11.11 in Section 3. As mentioned above, for manifolds without 
boundary or with a convex boundary an equivalent Harnack inequality for the curvature 
condition has been presented in [ID] . Due to unboundedness of the local time which causes 
an essential difficulty in the study of Harnack inequality, the corresponding result for lower 
bound conditions of the curvature and the second fundamental form is still open. Finally, 
as an extension to a result in [4] where manifolds without boundary is considered, the 
Levy-Gromov isoperimetric inequality is derived in Section 4 for manifolds with boundary. 

2 Gradient estimate 

Let Kx,K 2 e C(M) be such that 

(2.1) Ric — VZ > —K\ on M, I > —K 2 on dM. 
According to [HI Theorem 5.1] this condition implies 

(2.2) \VP t f\ < E[\Vf\(X t )e^Ki(x B )ds + j^K 2 (x a )di s ^ t>0,fe C\M). 

The main purpose of this section to prove that these two statements are indeed equivalent 
to each other. To prove that (I2.2p implies (12. ip . we need the following results collected 
from [Til Proof of Lemma 2.1] and [I2l Theorem 2.1, Lemma 2.2, Proposition A. 2] re- 
spectively: 

(I) For any A > 0, Ee A ' 4 < oo. 

(II) For X = x G dM, limsup t ^ \\El t - 1^tjTx\ < oo. 

(III) For X Q = x G dM, there exists a constant c > such that Elf < ct, t G [0, 1]. 

(IV) Let p be the Riemannian distance. For 5 > and Xq = x G M \ dM such 
that p(x,dM) > 5, the stopping time t$ := inf{t > : p(X t ,x) > 5} satisfies 

< t) < cexp[— <5 2 /(16t)] for some constant c > and all t > 0. 
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Theorem 2.1. i\2.1\) . {\2.2\i and the following inequality are equivalent to each other: 



(2.3) |VP t /| 2 < (p f |v/| 2 )E[e 2 ^ Kl ^) ds+2 ^^ 2 ^) dis ], t>0Je C l {M). 



Proof. Since by [8] (12. ip implies (12.21) which is stronger than (I2.3P due to the Schwartz 
inequality, it remains to deduce (12. II) from (12.31) . 

(a) Proof of Ric — VZ > —K\. It suffices to prove at points in the interior. Let 
X = x G M \ DM. For any e > there exists 5 > such that 



(2.4) 



B( Xj 5)cM\dM, sup \K x {y) - K^x)] < e, 



where -B(x, 5) is the closed geodesic ball at a; with radius 5. Since / t = for t < t$, by 
O, (I) and (IV) we have 



|VPJ| 2 (x) < (p t |v/| 2 (x))Ee 2 ^^(^) ds + 2 /o^(^)d'» 

< (P|V/| 2 (x))|e 2 ' (Xl(x)+e) P(r 5 > t) + ^P(r a < t)Ee 4i II^H-+ 4 ll^ll-^ 



< (P t \Vf\ 2 (x))e 2t{Kl{x)+£) + Ce~ x/ \ t G (0, 1] 
for some constants C, A > 0. This implies 



r9 ,x r |VPJ| 2 (a:) - |V/| 2 (x) 

(2.5) hmsup < hmsup 

Now, let / G C°°(M) with Nf\ 9M = 0, we have 



e 2t ( Kl W +£ )P t \Vf\ 2 (x) 



|V/| 2 (x) 



P s Lfds, t > 0. 



Then 



(2.6) 



lim sup 

t-»o 



lim - 

f^o t 



\VP t f\ 2 (x) - \Vf\ 2 (x) 



VPsLfds 



2 / (Vf,VP s Lf)dsUx). 



Moreover, according to the last display in the proof of [8j Theorem 5.1] (the initial data 
£ O x (M) was missed in the right hand side therein), 
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VP t Lf = Uo E[M t u^VLf{X t )\, 

where u t is the horizontal lift of X t on the frame bundle O(M), and M t is a d x d-matrices 
valued right continuous process satisfying Mo = / and (see [H Corollary 3.6]) 

\\M t \\ < exp [||/i 1 || 00 t+ Halloo**] • 

So, due to (I), \VP.Lf\ is bounded on [0, 1] x M and VP S L/ VL/ as s -»• 0. Combining 
this with (I2.6P we obtain 

( , 7) , imsup ivp,/rw-iv/p W =2(v/iVL/)M 

On the other hand, applying the Ito formula to \Vf\ 2 (X t ) we have 



; 2 . 8 ) 



P t |V/| 2 (x) = |V/| 2 (x)+ f P s L\Vf\ 2 (x)ds + E [ N\Vf\ 2 (X s )dh 

Jo Jo 

<|V/| 2 (x)+ / P s L|V/| 2 (x)ds+||V|V/| 2 |UE/ t . 
Jo 

Since U = for t < t$, by (III) and (IV) we have 



El t < y / (E/ f 2 )P(r (5 < t) < cie~ A/ *, t E (0, 1] 
for some constants c±, A > 0. So, it follows from (12.81) that 

r Pt|V/| 2 (a:) - |V/| 2 (x) r|V7f|2 , 
hmsup < L| V/l {x). 

Combining this with (12. 5p and (12.71) . we arrive at 

^L|V/| 2 (x) - (Vf,VLf)(x) > -{K x {x)+e), f E C°°(M),Nf\ 9M = 0. 

According to the Bochner-Weitzenbock formula, this is equivalent to (Ric — VZ)(x) > 
— (Ki(x) +e). Therefore, Ric — VZ > —K\ holds on M by the arbitrariness of x E M\dM 
and e > 0. 

(b) Proof of I > -K 2 . Let X = x E dM. For any / E C°°(M) with Nf\ aM = 0, (1X31) 
implies that 

(2.9) \\7P t f\ 2 (x) < e Clt (P t \Wf\ 2 (x))Ee 2 ^ K ^) dl % 
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where C\ = 2 1 1 1 1 c>o - Let 



e t = 2 sup \K 2 (X 8 ) -K 2 (x)\. 
se[o,t] 



By the continuity of the reflecting diffusion process we have St | as t | 0. Since there 
exists Co > such that for any r > one has e r < 1 + r + Cor 3//2 e r , we obtain 

(2.10) logEe 2 ^ *>(*.)di. < bg {1 + 2K 2 (x)m t + E{e t l t ) + C 2 E(l 3 t /2 e C2h )} 

for some constant C 2 > 0. Moreover, by (I) and (III) we have 

E(l'f /2 e C2k ) < (E/ 2 ) 3 / 4 (Ee 4C2/t ) 1/4 < C 3 t 3/4 , t G (0, 1] 
for some constant C3 > 0. Substituting this and (12.101) into ( 12. 9ft . we arrive at 

1. |VP t /| 2 (x) 2K 2 (x)M t + E(^ t ) 

lim sup — = log < hm sup 



^0 Vi & P t |V/| 2 (z) " ^0" Vt 
Since Ee 2 — ► as t — >■ and E/ 2 < ci due to (III), this and (II) imply 

1 |VP/| 2 (x) 4if 2 (x) 
hm sup — = log < 

Combining this with fl 1.3ft for p = 2 we complete the proof. □ 



3 Proof of Theorem 11.1 



Applying Theorem 12.11 to K\ = K and K 2 = a we conclude that (1), (2) and (3) are 
equivalent to each other. Noting that the log-Sobolev inequality (4) implies the Poincare 
inequality (5) (see e.g. [6]), it suffices to prove that (2) =^ (4), (5) =>- (1), and (2) =>• 
(6) =>- (7) =>- (1), where " =>-" stands for "implies". We shall complete the proof step by 
step. 

(a) (2) =>- (4). By approximations we may assume that / G C°°(M) with Nf\gM = 0. 
In this case 

j f PJ = LP t f = P t Lf. 
So, for fixed t > it follows from (2) that 

d P UPP)lozPf 2 \- P ' VPs/2 ' 2 > 4e 2 ^P BM^!g 
(3.1) d~s Pt - s{[Ps} )l0gPs/ 1 " ~ Pt ~ s P S P ~ ~ 4e Pt - S TJ 2 

> -4e 2Ks P t - s E[\X7f\ 2 (X s )e 2als }. 



Next, by the Markov property, for & s = a(X r : r < s), s > 0, we have 

P t ^(E[\Vf\\X s )e 2 ^})(x) = E*E**--[|V/| 2 (X a )e 2o< -] 

= E x [E x (e 2 ^ h - lt -^\Vf\ 2 (X t )\^ s )} = E x [\Vf\ 2 (X t )e 2a ^- h -^}. 



2Ks+2a{l t -h-s) 



], se(o,t). 



Combining this with ( 13. ID we obtain 

^ s {(PJ 2 )logPJ 2 } > -4E[|V/| 2 (X,)e 

This implies (4) by integrating both sides with respect to ds from to t. 

(bl) (5) =>> Ric- WZ > -K. Let X = x e M\dM and / G C°°(M) with X/|aM = 0. 
By (5) we have 



(3.2) PJ 2 - (P t f) 2 < 2E |V/| 2 (Xt) f e 2Ks+Mh-k- s ) di 

Jo 

Let 5 > and t<5 be as in the proof of Theorem 12.1( a). Then 



\Vf\ 2 {X t ) [ e*K>+Mh-k-.) di 
Jo 

< (P|V/| 2 ) [\ 2Ks ds + t\\Vf\U 2Kt E[e 2 ^l {TS<t} ] 

Jo 

2Kt _ 1 

< ^^P| V/| 2 (x) + ce- x '\ t G (0, 1] 

holds for some constants c, A > according to (IV). Combining this with (13.21) we conclude 
that 



(3-3) 



PJ 2 (x) - (P t f) 2 (x) < 



K 



P t |V/| 2 (x) + 2ce- A /*, t G (0,1]. 



Since / G C°°(M) with Nf\ 9M=0 , we have 



(3.4) 



P t f 2 - (PJ) 2 = f 2 + J* P s Lf 2 ds -(f + f* PsLfds) 



(P s Lf ~ 2fP s Lf)ds 



PsLfds 



Moreover, by the continuity of s i— > P s Lf, we have 
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(3.5) 



J*P s LfdsJ = (Lf)H 2 + o(t 2 ), 



where and in what follows, for a positive function (0, 1] 3 t i— > £f the notion °(£ t ) stands 
for a variable such that o(£ f )/£ t — > as i — > 0; while 0(£*) satisfies that 0(£t)/£t * s 
bounded for i e (0, 1]. Moreover, since 

P s Lf - 2fP s Lf =Lf - 2fLf + [\p r L 2 f 2 - 2fP r L 2 f)dr 

Jo 

+ E / (iVL/ 2 -2/(a;)iVL/)(X r )d/ r , 

and due to (IV) 

E / {iVL/ 2 -2/(x)iVL/}(X r )d/ r 
■/ o 

holds for some constants c\, C2, A > 0, it follows from the continuity of P s in s that 

j\PsLf - 2fP s Lf)ds = 2t\ V/| 2 + ^(L 2 / 2 - 2fL 2 f) + o(t 2 ). 
Combining this with (13. 4p and (13.51) we obtain 



< Cl El a < c 2 e~ x/s , s e (0, 1] 



(3.6) 



P t f{x) - (P t ff(x) 



2t\Vf\ 2 (x) + |(L 2 / 2 - 2fL 2 f)(x) - t 2 (Lf) 2 (x) + o(t 2 ) 
2i| V/| 2 (x) + t 2 (2(V/, VL/> + L\ V/| 2 )(x) + o(t 2 ). 



Similarly, 



P,|V/| 2 (x) = |V/| 2 (x) + yV s L|V/| 2 (x)d S + E f N\Vf\ 2 (X s )dl s 
= \Wf\ 2 (x)+tL\Vf\ 2 (x) + o(t). 
Combining this with (13. 3p and (13.61) we arrive at 



-^{t 2 (2(V/,VL/) + L|V/| 2 )(x) + o(t 2 )} 



< 



e 2Kt _ 1 

Kt 



L|v/| 2 (x) + o(i; 



1 /e 



t V Kt 



2 |V/| 2 (x). 



Letting t — > we obtain 

L|V/| 2 (x)-2(V/,VL/)(x) >-2K\Vf\\x), 

which implies (Ric — VZ)(i) > —K by the Bochner-Weitzenbock formula. 

(b2) (5) =>• I > -a. Let X = x e dM and / e C°°(M) with JV/| 8 at = 0. Noting 
that Lf 2 - 2fLf = 2|V/| 2 , by the ltd formula we have 

t / rt \ 2 



P^(.x)-(P t /)^(a;) = r+ / PL/ 2 ds- /+ / P s L/ds 
(3-7) /° V Jo 

= 2 / P|V/| 2 (x)d S + 2 / [P s (/L/)(x)-/(x)PL/(x)]d S + 0(* 2 )- 
Jo Jo 

Since Nf\g M = implies 

= (V/, V(iV, V/)) = Hes S/ (iV, V/) - I(V/, V/), 

it follows that 

(3.8) I(V/, V/) = Hes S/ (iV, V/) = \n\ V/| 2 . 
So, by the Ito formula, (II) and (III) yield 

P|V/| 2 (x) = |V/| 2 (x)+ f P r L|V/| 2 (x)dr + E f N\ V/| 2 (X r )d/ r 

Jo Jo 

(3.9) = |V/| 2 (x) + 0(^) + 2E f I(V/,V/)(X r )dZ r 

Jo 

= | V/| 2 (x) + ^I(V/, V/)(x) + o( s V2). 



Moreover, since (fNLf)(X r ) — f(x)(NLf)(X r ) is bounded and goes to zero as r — > 0, it 
follows from (III) that 

2E /"da [\(fNf)(X r )-f(x)(NLf)(X r )}dl r = o(tV 2 ). 
Jo Jo 

So, by the 16 formula 
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2 [ [P s (fLf)(x)-f(x)P s Lf(x)]ds 
Jo 

= 2 f ds [ [P r L(fLf)(x)-f(x)P r L 2 f(x)}dr 
Jo Jo 

+ 2E / ds [\(fNLf)(X r ) - f(x)(NLf)(X r )]dl r = o(t 3 / 2 ). 
Jo Jo 

Combining this with (13. 7ft and ( 13.91) we arrive at 

hm-i=(P t / 2 (x) - (P t f) 2 (x) - 2t\Vf\ 2 (x)) 

(3 ' 10) 8 1 I* 16 

= ^I(V/, V/) ( .)lim^ / o = ^I(V/, V/)(x). 

On the other hand, by the Ito formula for \Vf\ 2 (X t ), it follows from (13.81) and (II) that 

A t := ^=E||V/| 2 (X t ) j\^s+Mh-h-s) ds _ t | V /| 2 (x)| 

= -l(E|V/| 2 pQ - |V/| 2 (x))+e( |V/|2 ™ f {#K'+MU-h-.) _ i) d A 
yt L Wt Jo J 



(3.11) =^T t {l PsL\Vf\ 2 (x)ds + E^ N\Vf\ 2 (X s )dl s 
+ E { |V ^ Xf) / t (e 2 ^ +2 ^~^) - l)ds| 

=I(V/, V/)(x) + o(1)+e( |V/|2 ™ T (e 2 ^+ 2 ^-'-) - l)d S V 

I Wt Jo J 



4 

Tn 



Since by (I) and (III) 



E 



(|V/| 2 (X t ) - |V/| 2 (x)) / ( e ™s+Mh-h-s) _ i) ds 

< t{E(|V/| 2 (X t ) - |V/| 2 (x)) 2 } 1/2 {E(e 2 ^ +2 ^ - I) 2 }' 72 
= o(t).(E[4A 2 ] + o(t))=o(t 2 ), 

it follows from (I) and (II) that 
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E 



Jo 

o(t 2 ) + |V/| 2 (x)E f ( e ™s+Mh-i t -s) _ x ) ds 
Jo 



V 71 " 7o 
= ^|V/| 2 (x) + o(t 3 / 2 ). 

Combining this with (13.111) we arrive at 

4 4rr 

A < o(l) + — I(V/, V/)(s) + ^|V/| 2 (x) 

7T oy 7T 



So, (13.101) and (5) imply that 

5 =I(V/, V/)(x) < limsu P 2A < 4=I(V/, V/)(x) + -^=|V/| 2 (x). 



3^/7? ' t->o v 7 ^ 3^ 

Therefore, I(V/, V/)(ar) > -a\Vf\ 2 (x). 

(c) (2) =>- (6). Let / > be smooth satisfying the Neumann boundary condition. We 
have 

±Ps{(P t -sf) log Ptsf] = P j^-f 2 - 

ds P t - S f 

This implies 

(3.12) P*(/log/)-(P*/)logP*/= / p J V ^- J / ds. 

JO ^t-sj 

On the other hand, by (2) and applying the Schwartz inequality to the probability measure 
i-eM-2Kt] e ~ 2Ksds on [M> we obtain 



IW| 2 = { I ^-2Kt f \VP s (P t -sf)\e- 2Ks ds} 2 

f E[\VP t - s f\(X s )e° l °- Ks ]ds 
Jo 



< 



< 



2K 


1 


_ e -2Kt 




2K 




_ e -2Kt 




2K 


1 


_ e -2Kt 




2K 


1 


_ e -2Kt 



(T^) 2 ( E / , ^Tr^» ds )/ E [ p " / ( x -»^" 2i '*] ds 
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Combining this with (13.121) and noting that the Markov property implies 



E[P t ^ s f(X s )e 2 ^} = E[(E x */(X t _ s ))e 2 ^] = E[e 2 ° l °E(f (X t )\J? s )} 
= E[E(f(X t )e 2 ^\^ s )] = E[f(X t )e 2 °% 

we obtain (6). 

(d) (6) (7). The proof is similar to the classical one for the log-Sobolev inequality 
to imply the Poincare inequality. Let / G C°°(M). Since M is compact, 1 + ef > for 
small e > 0. Applying (6) to 1 + ef in place of /, we obtain 



(3.13) 



2K 

I VP ^I 2 %n _ e -W Pt(1 + £f) log(1 + £f) ~ (1 + ePtf) log(1 + ePtf) } 



E^(l + ef(X t )) j\ 2als ~ 2Ks d s y 



Since by Taylor's expansion 

P(l + ef) log(l + ef) - (1 + e P«/) log(l + ePJ) = ^ (P/ 2 - (PJ) 2 ) + o(e 2 ), 

letting e — > in (13.131) we obtain (7). 

(el) (7) Ric-VZ > -A. Let X = x G M\«9M and / G C°°(M) with A^/| aA/ = 0. 
by (I) and (IV) we have 

Ee 2 ^ = 1 + E[e 2 ^l K < s} ] = 1 + o(s). 

So, 



E / e™*- 2Ks ds = J + o(t). 



: 2al a -2Ks^_ l-expJ-2^] 

2A' 

Combining this with (I3.6P and (7), we conclude that, at point x 



o 



2 < — ^{2| V/| 2 + i(2(V/, VL/> + L| V/| 2 ) } - ^ + o(l) 



t ~ 1 - e- 2A * L 1 J 1 v N J ' J 1 1 J 1 ' J i 

= J (T^fL - l) I V/l 2 + (2(V/, VLf) + L\ V/| 2 ) + o(l). 

Letting £ — > and using (12.71) . we obtain 

2(V/, VLf) < A| V/| 2 + (V/, VLf) + V/| 2 
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at point x. This implies Ric — V Z > —K at this point according to the Bochner- 
Weitzenbock formula. 

(e2) (7)=> I > -a. Let X = x G dM and / G C°°(M) with Nf\ 9M = 0. It follows 
from (13.101) . (7) and (II) that at point x, 



l^/P < jr^iWf? + ^Kv/, v/) + o ( ^)) ( ( + |£ + o(^,) 



(1 _ e-2*t)2 1 (i _ e -2^)2 V3v^F v ' ' J y 3^' 

Combining this with (12. 7p we deduce at point x that 



I(V/,V/) + -^|V/| 2 . 



3^ ' 3v^ 
Therefore, I(V/, V/)(ar) > -a\Vf\ 2 (x). 



4 Levy-Gromov isoperimetric inequality 

As a dimension-free version of the classical Levy-Gromov isoperimetric inequality, it is 
proved in [I] that if M does not have boundary then for V G C 2 (M) such that Ric — 
Hessy > R > the following inequality 

(4.1) &W)) < ! v^C/I + ^WFd/i, 

J M 

holds for any smooth function / with values in [0,1], where fj,(dx) := C(V)~ 1 e v ^dx 
for C(V) = f M e v ( x >dx is a probability measure on M, and % = tp o for $(r) = 
(27r) _1 e~ s2/2 ds and </? = Since ^(0) = ^(1) = 0, taking / = 1 A (by approxima- 
tions) in (14. ip for a smooth domain A C M, we obtain the isoperimetric inequality 



(4.2) < 

where /j,g(dA) is the area of cM induced by \x. This inequality is crucial in the study of 
Gaussian type concentration of \i (see [HE]). Obviously, (14.11) follows from the following 
semigroup inequality by letting t — > oo: 
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(4.3) 



In this section we aim to extend (14.31) to manifolds with boundary. 

Now, let again M be compact with boundary dM, and let Pt be the Neumann semi- 
group generated by L = A + Z. We shall prove an analogue of (14. 3[) for the curvature 
and second fundamental condition in Theorem 11.1( 1). 

Theorem 4.1. Let Ric — VZ > —K and I > —a for some constants i(Gl and cr > 0. 
JTien for any smooth function f with values in [0, 1], 



( p 2Kt _ 1 ^ p 2cr/ i 

(4.4) W(P t f)<E^i(f)(X t ) + \VmX t ) { - jJ- , t>0. 

If in particular dM is convex (i.e. a = 0), then 



p 2Kt _ i 

w(p t f)<p t ^\f) + \vmx t )— —, t>o. 

If moreover K < 0, then < \4-l[ and < \4-*ty hold for R = —K > 0. 



Proof. It suffices to prove the first assertion. To this end, we shall use the following 
equivalent condition for Ric — VZ > —K (see e.g. the proof of (1.14)]): 

(4-5) r a (/, /) := \L\ V/l 2 - (V/, VLf) > -K\Vf\ 2 + ■ 

To prove (14. 4p . we consider the process 

( 2Kb _ i \ 2al s 

Vs = ^ 2 (P t _ s /)(X s ) + \VP t - s f\ 2 (X s ) [ - , s E [0,t]. 

To apply the Ito formula for r) s , recall that X s solves the equation 

dX s = V2u s o dB s + N(X s )dl s , 

where u s is the horizontal lift of X s and B s is the Brownian motion on IR'' provided M is 
ci-dimensional. So, 

/ (e 2Ks — l)e 2als 
d Vs = y/2{2{W){P t _ a f){X a ) + ± ^ V\VP t - s f\ 2 (X s ),u s dB ( 



+ |2(^' 2 + W')(P t _ J)\VP t „ s f\ 2 + 2T 2 (P t _J, P t _J) 



-£Ks _ 



K 

Q 2Ks _ 1\ q 2(tI s 



2\VP t ^f\ 2 e 2Ks+2 ^}(X s )ds+ [ - -2^(N\VP t - s f\ 2 + 2a\VP t „J\ 2 )(X s )dl s 
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Noting that = -1 and o > so that e 2ah > 1, combining this with (ET5]) . I > -a 

and (14.51) . we obtain 

; fe 2 ^ — l)e 2o " /s 
dr/ s > V2{2{WW'){P t - s f){X s ) + ^ ^ V|VP_J| 2 (X s ),u s dP, 

r o (e 2Ks - 1 V 2o "HVlVR fl 2 l 2 ^i 
+ {2^ 2 (p_ s/ )|VP_ s /| 2 + ^ 2 ^| V J31/|2 }™ dg - 

Therefore, there exists a martingale M s for s G [0, i] such that 

, 1/2 ... dr,, |2(^^')(P,-,/)VP,-/ + (•"•-')•"■ V|VP,_,/p| 2 (X.) 
V = dM , + 

= dM s + — |— P s ds, 

where 



P s :=2r/ s (2^' 2 (P_J)|VP_J| 2 + 



•,2-RTs 



2(W)(^-J)ViW + 



l)e 2 ^|V|VP*_ s /| 



212 



2#|VP t _./| 5 



TO 



J2Ks 



- 1 



A" 



e 2 ^V|VP t _J| 2 (X s 



J2Ks 



> 



- De 



2aL 



K 



^ 2 (P_J)|V|VP_J| 



212 



4|VP_J| 4 ^ /2 (P_J) 



2|VP_J| 2 

- 4(W) (P t _ J) ( VP_ V| VP t _ J| 2 > } (X s 



>0. 



So, r^y 2 is a sub-martingale on [0, £]. Therefore, lE?]^ 2 < IEr/^ 2 , which is nothing but 
(|44j). □ 
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